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Abstract

Given graph G(V, E/). We use the notion of total k-labeling which is edge irregular. The notion
of total edge irregularity strength (tes) of graph G means the minimum integer k used in the edge
irregular total k-labeling of G. A cactus graph G is a connected graph where no edge lies in more
than one cycle. A cactus graph consisting of some blocks where each block is cycle C,, with same
size n is named an n-uniform cactus graph. If each cycle of the cactus graph has no more than
two cut-vertices and each cut-vertex is shared by exactly two cycles, then G is called n-uniform
cactus chain graph. In this paper, we determine tes of n-uniform cactus chain graphs C'(C!) of
length r for some n = 0 mod 3. We also investigate tes of related chain graphs, i.e. tadpole
chain graphs 7,.(4,n) and T,.(5,n) of length r. Our results are as follows: tes(C(Cr)) = [2:2];

3
teS(Tr(47 n)) = ’VW-‘ ; and tes(TT(5’ n)) — ’VW-‘ .
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1. Introduction

Let G = (V, E) be a finite, undirected, and simple graph. An edge irregular total k-labeling of

G isafunction f : VUE — {1,2,..., k} that satisfies the weight wt(uv) # wt(zy) for every

two different edges uv and zy in E(G) with wt(uv) = f(u) + f(v) + f(uv) [4]. The minimum

integer k in total labeling f is called the total edge irregularity strength of GG, symbolized by tes(G).
Further, Baca et al. ([4], [5]) also provided the lower and upper bounds:

O <o <1 m

Based on Innequality (1), Ivanco and Jendrol proposed a conjecture as follows [11]:

s(G) :max{ PE(Ggl +2w | {A(GQ) + 11 }

Furthermore, some researchers have found exact values of tes of some graph classes. Readers
could refer to [7], [11], [12], [14], [15] [10], [9], [18], [1], [8], [2], [13], and [16].

Many graph classes have used to model real problems. Such as in chemical structures, the
graph classes that commonly used are cactus graphs, where atoms represent vertices and chemical
bonds represent edges of the graphs ([6], [3], [17]). A cactus graph G is a connected graph in which
each edge lies on exactly one cycle. In other words, the cactus graph comprises some blocks where
each block is either an edge or a cycle. The cactus graph is named n-uniform if each block is a
cycle with the same order n. If each cycle of cactus graph GG has at most two cut-vertices and each
cut-vertex is shared by exactly two cycles, then G is called n-uniform cactus chain graph. The
number of cycles of the cactus chain graph indicates the length of the chain graph.

Further, a tadpole graph 7'(m, n) is graph which consists of a cycle graph C,,, and a path graph
P,, which is connected with a bridge. Whereas, a tadpole chain graph is a chain graph which have
tadpole graphs in all blocks. In this paper, we investigate tes of some n-uniform cactus chain
graphs C'(CT) of length r for some n = 0 mod 3 and tes of tadpole chain graphs 7,.(4,n) and
T.(5,n).

2. Main Results

The formula for tes of n-uniform cactus chain graph C(C7) is provided in Subsection 2.1.
Meanwhile, the tes of tadpole chain graphs 7,.(4,n) and T,.(5, n) are presented in Subsection 2.2.

2.1. n-Uniform Cactus Chain Graphs
The concept of n-uniform cactus chain graphs is given in Definition 2.1.

Definition 2.1. An n-uniform cactus graph G is a cactus graph consisting of some blocks where
each block is cycle C,, of same size n. If each cycle of the cactus graph contains no more than two
cut-vertices and every two blocks has exactly one common cut-vertex, then G is called n-uniform
cactus chain graph. The length of the cactus chain is indicated by the number of cycles in the chain.
The n-uniform cactus chain graphs with length r for any natural number n, denoted by C(C"),
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e

consists of blocks By, Bs, . .., B, where vertices on block B; are {a;, u},u? ... u; Lol vl
n—2
UZ-I_ 2 1} fori = 1,2,... r. Vertex a;11 is a cut vertex between two blocks B; and B; .. It
means that a;,1 lies on two blocks B; and B;,. Meanwhile, the edges of each block B; are
n—2 n—2
1 ,,1,2 .23 | 222 ] 1,1,2 [232]
{azu27uzul7uzuz7...7uz CLH_l,aZUZ,’UlUZ,...,’UZ az+1}.

Further, tes of some n-uniform cactus chain graphs C(C7) for n = 0 mod 3 and length r =
1,2 1s given in Lemma 2.1.

Lemma 2.1. Let C(C}) be n-uniform cactus chain graphs of length r = 1,2 withn = 0 mod 3

and n > 6. Then,
2
tes(C(CT)) = F’”; W .

Proof. Letn =0 mod 3 and n > 6. The n-uniform cactus chain graphs C(C7) with length r =

n—2

1,2 consist of two blocks B; and B, whose vertices and edges are {a;, u}, u?. .., uzL =) UL 0P
[25] 1,12 23 | =5* 1,12 [232] - :

v }and {auf, ulud, wiul, .. up 7 Cai, a) vivl, oo v 7 lagy ), respectively, for i =

1, 2. The cut vertex as is located two blocks B, and B,
Based on (1), the bound of tes (C'(C)) is as follows:

["”” i 2] < tes (C(CL) < .

To prove tes(C/(Cy)) < [22], we construct a total k-labeling f : VUE — {1,2,...,k} with
k = {%*2} and show that f satisfies the required properties of an edge irregular total k-labeling.
Let us consider two cases.

Case 1. Forn =3 mod 6 andn > 9.
Labels of vertices are constructed as follows:

fla) =2@G—1)+1,0=1,2.

piy= [ 3D+ 1<is|nE], n=915i=12
Yol 4g 1<i<(5+1), n>2li=1,2
foy={ Bi=D g << 2], n=0i=12
ol 3= 4y 1<j<84+1, n>15i=12.
" n n—2 .
FET) = ) = = ) = [T = 12 forn > 21
FOE) = f@i == e T = [2] i = 1,9, forn > 15

Furthermore, we define labels of edges as follows:
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flau}) =%(i—-1)+1,:=12,
flaw}) =2(i—1)+3,1=12
n—2
f Qi41U; :g(l)—l,lzl,Q,
n—2
flae 1) =2@i=12,
flulu?) =3(@—-1)+1,i=1,2
VAR %(i_1)+27 i=1,22<j<35-1 n=9,
fuju]™) {%(z’—l)+2, i=1,22<j5<7%, n > 15.
g"rj %‘i'j'f'l n 1 2 1 _1 2 1< < n—2 n 1 >21
Jlu® v —§(Z_ )+2(+1),i=1,2, —]—LTJ_<§+ ), n
foipty = { 30— D+3 i=121<5<5 n=9
i Bi—1)+3, i=1,21<j<%+1, n>15;
FOFP0STT) = s - 1) 42+ 1= 1,2, with2 < j < [232] — () andn > 21

By using above labeling, we get the edge weights as follows:
wt(au}) =n(i —1) +3,i=1,2;
wt(aw)) =n(i—1)+5,i=1,2;

| 222]

wt| a;y1u; =ni;1=1,2,n=29;

n—2
wt aiHuiL =) =ni+1;1=1,2,n > 15;

n—2
wt | a;41v; = =ni+2;1=1,2,n>09;
wt(uju?) =n(i—1)+4,i=1,2;n>9;
wt(ulul ™) =n(i—1)+2j+3,i=1,2, with2 < j <% —landn =9
wt(wlul™) =n(i —1)+2j+3,i=1,2, with2 < j < Zandn > 15;
wt(ufﬂuf’HH) —2[m2] L 1) 4 2(j 4+ 1),i = 1,2,
<j < 2| — (2 +1)andn > 21.
wt(vjv! ™) =n(i—1)+2j +4,i=1,2, with1 <j < Zandn > 9;
o

)

=222 4+ 2(i —1)+2j+1,i=1,2,
withl < j < [252] — (g)andn> 15.

We verify that all labels of vertices and edges are less then or equal to (””ﬂ and the weights of
edges are all distinct. Thus, tes (C(C)) = [25£2] forr = 1,2, nisodd,n > 9andn = 0 mod 3.
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Case 2. Forn =0 mod 6,n > 6,andr =1, 2.
The vertex labels are described as follows:

fla)) =35 -1)+1,i=1,2n>6.

— |

—

v

Y

—_
o

—
“l\D

e N
»
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nit2 i =1,2, forn > 18;

|,i=1,2, forn > 18.

o

n > 12;
n = 6.
n > 12;
n = 6.

f(ul u}f”“) =2~ 1) +2j+1,i=1,2,1 <j < [%52] — (2 +1) forn > 18.

iy — -1+, 1<j<3,
f(u) {g(i—l)ﬂ, 1<j<(2+1),
flo)) = %(i_1)+37 1<j<3,
' gi—1)+j, 1<j<(5+1),
n49 n43 n=2
FE) = i == gl ) =
n49 ni3 n—z<
FOF) = fei == ) =
The edge labels are given as follows:
flagu; =5 —-1)+1Li=12;
flajv) =5(-1)+2,i=12;
. LnTﬁJ _ %(Z>_]‘7 Z:1a27 n
f(az+1ui - %(Z), i=1,2 n
N 3@, =120
f(“”“’l (i) +1, n=6.
ity J si—1)+2, 1<j< g0
f(uiy; )—{ 1<j<n-
j -1 +3, 1<) <35,
rutor = { 8 =
1<j< 3
B+
FFE 2

2
((—1)+2(j+1),i=121<j<[%2] = (2+1)forn > 18;

By using the above labeling, we get the weight of edges as follows:

wt(au}) =n(i—1)+3,i=1,2;n > 6.
wt(aw}) =n(i—1)+4,i=1,2;n > 6.

()

(23%)

wt| a;410;

wit| a;41u

=ni+1;2=1,2,n > 06;

=m+2,1=1,2,n2>6;

wt(wlul™) =n(i —1)+2j+3,i=1,2, 1 < j < 2 (forn > 12),

and1 <j <% —1(forn =6);

245 Bj+l
wt(uf’ u;

=2[mE2] 4 2 — 1) +2j 4+ 1,i=1,2,

withl < j < [22] — (3 +1), n>18.
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wt(lv ™) =n(i —1) +2j +4,i=1,2, with1 < j < 2 forn > 12;
and Sjg%—lforn:&
D4 T4+l

wi(v} P o Ty = 2 [22] n 1) 4235+ 1),i = 1,2,
i 2] — (2 +1)andn > 18.

So the vertex and edge labels are at most (%*2} and each edge has a distinct weight. Thus, tes
(C(Cr)) = [“£2] forn =0 mod 6,n > 6,andr = 1,2.

]

One of the objectives of this paper is to prove tes of some n-uniform cactus chain graphs
(C(Cr)) forn =0 mod 3 as presented in Theorem 2.1.

Theorem 2.1. Let (C(CT)) be n-uniform cactus chain graphs with n = 0 mod 3,n > 6 and
length r > 1. Then,

2)

este(c) = | 2]

3
Proof. We prove Statement (2) by induction on n and 7.

1. Statement (2) is proved by induction on n.
According to Lemma 2.1, tes(C(C§)) = {(67—;2)-‘ . Therefore, statement (2) is true for n = 6.

Based on Lemma 2.1, we also get tes(C(C)) = (TL—;:Q)-‘ . Hence, the theorem holds for base
case 7 = 1,n = 6. Assume that Statement (2) is true for some £k, i.e.,
, kr+ 2
tes(C(Cy)) = [ 3 —‘ : (3)
We will check the the statement for n = k£ 4 3 by considering two cases.
(a) Case 1: forr = 1.
By means of Lemma 2.1, we get tes(C'(C},5)) = {%W Thus, the statement is

true for r = 1.

(b) Case 2: forr > 1.
Let cycle C} on the each block is viejvsesvs ... vp_1€5_1Ukerv;. We can get cycle
C+3 on each block by spliting edge e, into three edges with three new vertices
x1, T, 3 [4]. Based on assumption (3), there is an edge irregular total k’-labeling f
on r-blocks with &' = {ww Define labels for v;_; and v, on r-blocks as follows:
flopy) =K —1 =[] -1, f(v)) = K = [#2] with » > 1. We construct
optimal labeling in C', 3 on r-blocks by using procedures as follows:

i. define labels of vertices f(z) = k' +r, f(2}) =k + 71, f(a}) =K + 1,

ii. define labels of edges f (v _,z7) = k' +r, f(a]ah) =K' +r, f(zhah) = K,
f(zhop) =K.
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By means of total labeling f and the above procedures, we get different weights of
edges on C(Cy, 5). Furthermore, the maximum label of vertices and edges on C'(C}, 5)

isk' +r = ’—%W + 3—; = [MW Thus, statement (2) is true for n.
2. Statement (2) is proved by induction on r.

Based on Lemma 2.1, tes (C(C})) = [("Bﬁ-‘ . Hence, the theorem is true for » = 1. Assume

that the theorem is true for r, i.e., tes (C'(C?)) = [*:2]. We need to verify the theorem for
r+ 1. The cactus chain graph C(C"*1) consists of (r + 1) blocks, i.e., By, Ba, . .., By, By11.
By using the assumption, there exists an edge irregular total k-labeling f on r blocks with
k = (%“W We construct procedures to label vertices and edges on block B, through
total labeling f as follows:

%52 [#52]

(a) labels of vertices up 1, u2 ..., Ui Vb1 Uiiqy---sUpyt 5 Qrpo on block B,y

are acquired by adding a constant number % to each label f(u,), f(u?) ..., f (u,L%J ),

f(U,}), f(v7%>7 ey f(UT’l_nTﬁ-l ), f(arJrl) on block Br’

n—2

1 1,2 2,3 2 1 1,2
(b) labels of edges a1ty 1, Uy Ury U g US gy Uy~ Qpg2, Qg1 Uy Uy Ui g

n—2

.3VUy41  Grpp onblock B, are derived by adding a constant number % to each label

n—2 n—2
of edge a,ul, ulu?, uu?, ... ,U,L 2 Jarﬂ, a,vl vl .. ,UI > 'a,4, onblock B, .

All weights of edges on block B,,; are obtained by adding a constant number n to each
weight of edge on block B,. Since we have different weights of edges on block B, under

labeling f, we also obtain different weights of edges on block B,,;. Moreover, labels of

vertices and edges of C'(C)) are not more than (%“W Hence, the largest label on block

B,y1 is (”";ﬂ + [%1 = [w-‘ which shows the theorem holds for » + 1. Thus,

tes(C(Cr)) = [2%2] is true forall 7 and n = 0 mod 3.

]

In Figure 1, we give an example of edge irregular total 21-labeling of C'(CY;) for which
tes(C'(Cfy)) = 21.

2.2. Tadpole Chain Graphs

In this section, we provide formulas for tes of some tadpole chain graphs, i.e. tes of 7,.(4,n)
and T,.(5,n). Firstly, we give definition of the tadpole chain graphs.

Definition 2.2. A tadpole graph T'(m,n) is graph which consists of a cycle graph of m vertices
connected with a bridge to a path graph of n vertices. Further, a tadpole chain graph of length
r, symbolized by T,.(m,n), is an m-uniform cactus chain graph where cycle C,, on each block is
connected with a bridge to a path graph P,, of n vertices where the length r indicates the number
of tadpole graphs on the chain.
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Figure 1. Edge irregular total 21-labeling of C'(C1s)

Based on Definition 2.2, tadpole chain graph (7,.(4,n)) consists of r blocks By, Bs, ..., B,
where each block is tadpole graph 7'(4,n). Also, tadpole chain graph (7,.(5,n)) consists of r
blocks By, Bs, ..., B, where each block is tadpole graph T'(5,n).

Lemma 2.2. Given a tadpole chain graph (T,.(4,n)) of length r withr = 1,2,3, n = 2 mod 3,

and n > 5. Then,
4 2
tes(T,(4,n)) = [%W .

Proof. Tadpole chain graph 7,.(4,n) consists 4 4+ n vertices and 4 + n edges on each block. Let

u;, Vi, Uiy 1, ; be vertices located on cycle C of each block B; where v, is a cut vertex between

B; and Byy1. Let y},y?, ..., y® be vertices of the path connected with a bridge to vertex z;. The

edges of T}.(4,n) on block B; are {u;, v;, Uiviy1, VT, Vip 175, Tiys U {yfyf“,j =1,2,...,n—1}.
Based on (1), the lower bound for tes(7,.(4,n)) is as follows:

(4+n)r+2
e
We will verify an existence of a total edge irregular k-labelingf : VUE — {1,2,...,k} where
k is [WW to get upper bound tes(7.(4,n)) < [WW . Let us consider two cases.

—‘ <tes(T,(4,n)) < (4+n)r.

Casel. Forn =5 mod 6,n > 5,andr = 1,2, 3.
We construct labels of vertices in the following way:
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f(ul) :17f(U1):17f(02):37f(951):2
flvs) = flva) + (%2), n > 5,
flug) = f(ug) 4+ (%), n > 5.
flug) =3+ fug) =4 4n,n > 5.
flas) =3+ 27 fws) =5+ n,n > 5.
(2, 1<j< (-1, n>5
flyh) =3 3 j=EERER AL n> 5
|| e2], =, n>s.
( W ) 1§j§n7 n_571]-a
flyh) = (W22 =8y g = 9 n > 17
(g B <j<n, n217.
: .
Fl® ™y =34 4], 2<j<n— (=) 41, n>11;
f(y2+j) (4+n§.2+2 L(ang)J + I_%lja 1 S] < (n—gll)’n > 23’
F(y3) = W2 < <> 5

flurvr) =1, f(zavr) = 1, fugwe) = 1, f(z1v2) = 15

Flugvy) = [EZ2] g f(agvy) = B2y =5,
f(UQUS) — (4+n§.2+2 _ 57 f(anUg) _ (4+7’L§.2+2 _ 5’ n — 5,
f(UQUQ) _ (4+n§2+2 o (11—‘,(—319)7 n > 117

flwsws) = | 22| — (250), 0 > 1L

flugvg) = [BEE2] — (n22) > 115

flwgvg) = |WE9E2] — (222) > 11

flugvs) = [HR22) — (2T) > 5;

f(l'g’l}g) — (4+n§.3+2 _ (nTJ,-’?), n 2 5,

flusvg) = (”*310); f(x3vy) = ("Ew), n=0o

iyt = P”?ﬂ ,1<j<n, n=5

f(zays) =2, n = 5;
fp)=j+21<j<n—1n=5

FAyT™) =3+4,1<j < (%52), n > 11;

Foly™) = [=92 ] 2+ ) <j<n-1nz 1y
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T3y3) =5, n > 5;
Y™ =j+51<j<n—-1n>5

Case 2. Forn =2 mod 6,n > 8,andr = 1,2, 3.

We construct labels of vertices and edges as follows:

flur) =1, f(v1) =1, f(v2) = 3; fa1) =20 > 8
flug) =3+ n>8;
fze) =3+2H n>8;
flus) =44n;f(zs) =5+n,n2=8
flus) = flva) + 252 fvg) = flug) + 22,0 > 8.
(2, 1<j<(®) -1, n=>3,
fl) =43 SishE AL nzs,
\ WW , j=mn, n>8
( _W_, 1 <75 <n, n=_§;
o) = |22 - (58, j=1, n> 14
Uil 8 <j<n, n>14
Fut ) =344 2< i <n— (") 41 n> 8,
Flyy™) = |22 | (228) | 4 [1], 1 <5 < (558) -2, n > 20;
f(yg):{( Win32 | 1y < j<n,n > 8.
fluvr) =1, f(zvr) =1, f(uve) = 1, f(z1v2) = 1, n > §;
fugug) = o §2+2 -5, n=_§
[(zovs) = _(4+n§ 202 5 =g
fluguz) = W -7, n=_
Flaavs) = _(4+n3) 2427 7. m=8:
[ (ugwg) = _(4+”§ 242 _ (2£2) n > 14;
Jlagvg) = |22 ] - (252) > 14
Fluguy) = _(4+n§ 2+2 ] (nTJ,_G), n > 14;
Flavs) = _(4+n§ 242 (nT%>7 n > 14;

10
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f(ugvg) _ (4+n§.3+2 . (HTH n > 8,

o) = [@m92] oty 5

fluzvy) = flazvs) = (n—;lO)’ n > 8;

flay)  =3n>8;

fuiyd) =41 = [(4+§>+2 2<j<n-—1,n=8

Fuayl™ =344, 1<j< (%55 +1), n> 14

Flyl™) = [E22] (2 <j<n—1,n> 14

flrayy)  =1;n>8;

FRT) =j+1,1<j<n—1,n=8

fy™) =1,1<j< (55%), n 2 14,

Fag™) =41 (58, 28 1 1<j<n—1,n> 14
(

rayl) =5 fT) =5 1< Sn—Ln g

In both two cases, we get the edge weights in the following:

wt(ugvy) = 3wt(zvy) = 4 wt(ugve) = 5; n > 5;
wt(z1vy) = 6;wt(ryy) =T; n > 5;
wtyly™) =744, 1<j<n-1Lin>5.

For n=5 ) .
wt(ugve) =2 (4+"§‘2+2 — 2; wt(z9vy) = 2 —(4+”§‘2+2 —1;

wt(ugvg) = -(4+n§.2+2_  wit(wpvs) = 2 ’7(4+n§.2+2-‘ iy

wt(zays) =2 _(4+”§'2+2— +2;

wi(ygygt) =2 [WZ2L L o) 1< j<n—1.

For n = ) i

wt(uguy) =2 (4+n§.2+2 — 3 wt(zavp) = 2 [(4+n§.2+2 _o

wi(ugvy) = _(4”33'2”_ — 1; wit(zqvg) = 2 {—(”’2'2*2 :

wi(rayl) =2 | @2 g,

wi(yyy™) =2 [ L 1) 1< <n— L.

For n > 11 i .

wt(upvy) =2 (4%32'%2 - (nTH) wt(xovg) = 2 [ 4% -‘ HTH) + 1;
wi(ugvs) =2 | W (22) 4 %t (avg) = 2 { | () + 3
wiley) =2 |HER] () 4y

wh(ylyd™) =2 [Wm2z] iy <<y

11
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Further, for n > 5:

wt(ugvg) = wt(uguy) + (n + 4); wt(xzvs) = wt(xve) + (n +4);
wt(ugvy) = wt(ugus) + (n + 4); wt(zzvy) = wt(xgvs) + (n + 4);
wt(rzy3) = wt(ay,) + (n+4);
wi(yi ) = wt(y) + (n+4), 1<j<n—1;
It is easy to check that the largest integer used to label vertices and edges is {w-‘ and

each edge has a different weight. Hence, tes(7}.(4,n)) = {Ww :
]

Theorem 2.2. Let T,.(4,n) be a tadpole chain graph withn = 2 mod 3, n > 5, and r > 1. Then,

)

tes(T,(4,n)) = (ww .

3

Proof. We prove the theorem by induction on n and r. Based on Lemma 2.2, tes(77(4,n)) =

[W-‘ . Hence, the theorem is true for » = 1. When n = 5, according to Lemma 2.2 we get

tes(7,.(4,5)) = [242] [: (4+53)’"+ﬂ . It means that Statement (4) is true for n = 5.

1. Statement (4) is verified by induction on n.
Assume that the statement is true for n = £, i.e.,

(4—1—/{)7‘4—2—‘.

5 &)

tes(7,.(4,k)) = "
We will show that the the statement is valid for n = k + 3 through two cases.
(a) Case 1: forr = 1.
By means of Lemma 2.2, we get tes(77(4,k + 3)) = [WW . Thus, the statement is
true forr =landn =k + 3.

(b) Case 2: forr > 1.
Let P be a path connected with a bridge to cycle Cy on each block with P, =
V1€102€203 . . . Vk_1€;_1Vk. We can get path Py 3 to form tadpole 7'(4, k + 3) on each
block by subdividing edge e;_; into three edges by adding three new vertices x1, s, T3
[4]. Based on assumption (5), there exists an edge irregular total k’-labeling f on r-

blocks with k' = [% . We define labels for v;,_; and v;, on r-blocks as follows:

flop) = K =1 = [SHE2 ] Tand fof) = K = [ ] with r > 1 We
construct optimal labeling on 7}.(4, k 4+ 3) on r-blocks by procedures as follows:

i. construct labels of vertices f(z7) = K/, f(z}) = K +r, f(a}) =k +r;

12
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ii. construct labels of edges f(vj,_,x7) = k' +r, f(ajz}) = K +r, f(zh2y) = k' +
r, f(ahvy) =K' +r.
By using total labeling f and the above procedures, we obtain distinct weights of edges
on T,.(4,k + 3). Furthermore, the largest integer for labels of vertices and edges on
T.(4,k+3)isk' +r = [w-‘ +r= {w—‘ Thus, Statement (4) is true for
n==k+3.

2. Statement (4) is proved by induction on r.
Assume that the theorem holds for r, i.e. tes(7,.(4,n)) =
tes(7,+1(4,n)). Tadphole chain graph 7,1 (4, n) consists of (r+1) blocks, i.e., By, Ba, ..., B,
B,1. By using the assumption, we have an edge irregular total k-labeling f on r blocks
B, Bs,...,B,, with k = {WW We will show the upper bound of tes(7,.,1(4,n)) by
constructing procedures as given in Theorem 2.1 to label vertices and edges on block B, :
(a) label for each vertex on block B, is obtained by adding an integer ‘HT" to label of
coresponding vertex on block B, ;
(b) label for each edge on block B, is also obtained by adding an integer ‘HT” to label of
coresponding edge on block B,..
By means of the procedures, the weight of each edge on block B, is obtained by adding a
number 4 + n to the weight of coresponding edge on block B,.. Since we have different edge

weights of on block B, under labeling f, we also obtain different weights of edges on block

B,11. Since the largest integer for labels of vertices and edges of T}.(4,n) is [W-‘ ,asa

(4“1# . We will verify

consequence we get the largest integer for the labels on block B, is [%—‘ + (‘”T”W =

w which shows the theorem holds for 7 + 1. Thus, tes (7,.(4,n)) = {WW
holds for any natural number » and n = 0 mod 3.

]

In Figure 2, we give an illustration of an edge irregular total 17-labeling of 7(4, 8) such that
tes(74(4,8)) = 17.

Further, the results of tes of (7.(5,n)) are presented in Lemma 2.3, Lemma 2.4, Lemma 2.5,
and Theorem 2.3.

13
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Figure 2. Edge irregular total 17-labeling of T4 (4, 8)

Lemma 2.3. Let (T,.(5,1)) be a tadpole chain graph of length r with r > 1. Then,

tes(1,5,1) = | 72

3

Proof. Tadpole chain graph T,.(5, 1) consists of r blocks By, B, ..., B, with 6 edges on each
block. Let u,}, u?, v;, Vir1, T; be vertices of cycle C5 on each block B; where v, is a cut vertex
between two blocks B; and B;,. Let y] be vertices of path graph P, connected with a bridge to
vertices z;. The lower bound for tes7,.(5, 1) is as follows:

[67" + ﬂ < tes(T}(5,1)) < 6r.

Further, we investigate upper bound tes(7,.(5,1)) < {6”2] by constructing a total k-labeling
f:VUE — {1,2,...,k} and show that the vertex and labels are at most k = ’—6”2} and each

edge has a diverse weight under labeling f. Let us consider two cases.

Case 1. Forr =1, 2.
Labels of vertices are constructed in the following way:

14
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flup) = f(ul) = 1 fuy) = f(u3) = [Z52] -1 =4
fo) = f(v2) =1; f(vs) =23 -4=2;
f(x1) =2; f(22) = ’Vw—‘_5f(yz)_’7%—‘;i:172;

Whereas, labels of edges are constructed as follows:

fluju?) = 5; f(ujor) = 1; f(ufvy) = 3;

ok = 157 = 5 ) = [125] 1= 4 (o) = [52] =5
fleion) =15 flzva) = 3; f(yia) = [52] = 3;

Floson) = [2] 21 = 4, fagen) = [2] = 5; uh) = 2] 1 =4

We get the weights of edges under labeling f as follows:

wt(ulu?) = 7;wt(ujvy) = 3; wt(ulvg) =5;

wt(ugu3) = 3 [E2] — 2 = 13; wi( U2'U2 =2 [2] — 1 =9 wt(udvs) =2 [Z2] + 1 = 11;
wt(z1v1) = 4;wt(x1vy) = 6; wit(yir) = 2 (%ﬂ +2=28;

wt(zovy) = 2 [122] = 10; wt(xgvg) =2 [ 42 = 12,wt(y%x2) =3[22] —1=14,

It is easy to see that f is an edge irregular total k-labeling that satisfies the required properties,

i.e. the largest label of vertices and edges is (6’“3—+2w and each edge has a different weight. Thus,
tes(7,(5,1)) = [2].

Case 2. For r > 3.

We construct vertex and edge labels as described below:

fl) = f(ud) =2r; f(v) = 2r — 4; f(vp41) = 2r = 2; f(z,) = [52] 5 flyr) = [52].

flupu?) = [S2] 5 fuv,) = f(uZve) = F’“ﬂ ;

f(xrvr) = f(xrvr-i-l) = (67‘;2-‘ ;f(yTxT) = GT;Q—I -1

Under labeling f, we obtain the weights of edges as follows:

tladid) = -+ [$22] (o) = -+ [B82] — dsut(udi ) =+ [52] — 2
wt(x,v,) = 2r + 2 [92] — 4wt (z,0,41) = 2r + 2 [T2] — 25wt (yle,) = 3 [2F2] — 1.

It is shown that the largest integer of vertex and edge labels is (%w and the edge weights are
all different. It completes the proof of upper bound of tes(7;.(5, 1)). Thus, tes(7(5,1)) = [%52].

]

Lemma 2.4. Given a tadpole chain graph (T,.(5,4)) of length r with v > 1. Then, tes(T,.(5,4)) =
(M] forr > 1.

Proof. Let uZ , 1 , Vi, Vir1, T; be vertices of cycle C'5 on each block B; where v, is a cut vertex of
two blocks B; and B;1. Lety), yZ, i3,y be vertices of the path graph P, connected with a bridge
to vertices x;. The lower bound of tes(7.(5, 4)) is as follows:

[97” + 2} < tes (Ty(5,4)) < Or.

15
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To verify the upper bound of tes(7,.(5,4)), we construct a total k-labelingf : V U E —
{1,2,...,k} with k = [222] and show that the largest integer of vertex and edge labels is k
and all edges has a distinct weights. Let us consider two cases.

Case 1. Forr =1, 2.
Vertex and edge labels are described below:

up) = f(uf) = 1; f(ug) = f(u3) = [232] —1 = 6;
Ul):f(U2>:].,fU3):2,

v) = 1 f(v2) = [232] =7

yi ) =i+ 2 f(y) =i+ 1,0 =1,2

pr i n n i g
S

[:@1 —44+35,7=1,2,3.

We get the weights of edges in the following:
wt(uju) = T; wt(ugu3) = 3 [222] — 5 = 16;
wt(ulv) = 91 — 6;wt(ujviy ) =9 — 4, i =1,2;
wt(x;v;) = 9 — by wt(zv41) = 9% —3, i =1,2;
wt(yle;) = 9i — Lwt(yly! ™) =9+ (j—1), i =1,2,3.
So the edge weights of T,.(5,4) under labeling f are different and the largest label used is k =
[22£2] It shows that the upper bound of tes(77.(5,4)) is [252]. Hence, tes (T(5,4)) = [252].

Case 2. For r > 3.
Labels of vertices and edges are provided in the following way:

flu) = f(u?) = 37‘ f(vr) =31 = T f (1) = 3 — 4
flae) = [Z2] 5 f(yi) = [222], i =1,2,3,4.
) = ;’gj g )= [ St ) = R
flawy) = [#2]; flzvea) = [ ] = L fyy,) = [#52] — 4
flylyith) = [22] =444, j =1,2,3.
We observe that
wt(ulu? —67”—1—(9”2 — 3;wt(ulv,) —6r+(97"3+ﬂ—7;
2

1—5 wt(x,v, —3T—|—2’—9r;_2-‘ -7,
22| = 5 wt(yrz,) = 3 [22] — 4
449,7=1,23.

UPV1) = 67 + ]—

(

() —or L2
wtxrvrﬂ—r—i-

< E

wt(ylyl ™) = 3 [222

16
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It is shown that the largest integer of labels of vertices and edges is ’—QT;“ 2-‘

are all distinct. It completes the proof that tes(7}.(5,4)) = [ 2£2].

and the edge weights

]

Lemma 2.5. Let (T,.(5,n)) be a tadpole chain graph of length r which each block is a tadpole
graph T'(5,n) withn =1 mod 3 andr = 1,2, 3. Then,

tes(T,(5,n)) = [Mw

3

Proof. Letu},u?, v;, v, 1, x; be vertices of cycle Cs on block B; where v; 1 is a cut vertex of two
blocks B; and B; . Lety!, y?, 2, ..., y" (i =1,2,...,r) be vertices of path graph P, connected
with a bridge to vertices x;. The lower bound for tes(7,.(5, n)) is:

[(5+n)r+2

3 —‘ <tes(T,(5,n)) < (5+n)r.

To show that & = WW is an upper bound for tes(7,.(5,n)), we construct a total k-
labeling f : VUE — {1,2,...,k} by considering two cases.

Casel. Forn =1 mod 6,n > 7,andr =1, 2.
Labels of vertices are as follows:

fup) = f(uf) =1

flud) = f(u) = | SF22) 1 (forn = 7);

flub) = f(ud) = | S22 ] (2 4+ 2213) (forn > 13);
fv) = f(va) = 1; f(v3) = 2

Flan) = 2; f(as) = ﬂ“’;}?ﬂ (forn = 7);

P
Flas) = [<5+”3>2+2 — (1+ 212 (forn > 13);

fy1) = fyi) = 2; f(yi) =5f§y1) =3 (forn =7);

fy) =1 =...=/ (" ) =1 (forn > 13);
fngﬁzfy7”3=2f@7”3— (7 ) =3 (forn > 13);
f(leH):?wl— QJ (for1 <i < 22 “—1—1 n>T7);

flur) = B2

fs) = W fori =1,2,...,n, andn = 7, 13;

17
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Forn > 19 :

Flyb) = f(y3) = | S22 — (213,
F3) = flys) = |SHE2] — (n28) 41

P ) = r™ ) == ) = [

Moreover, labels of edges are described below:

fluiu?) = 5; f(ugvy) = 1; f(ufvg) = 3; f(zyvr) = 2; fz1v2) = 4; f(uju3) = 3;
f(u%W) (5+7§)2+2 —3; fxavo) = W -3 n="r,

fluivs) = w — 2; f(wou3) = w —2;n="7

flyte) = WW flyiyith) = [ (5+n) *ﬂ L i=1,2,....6:n="T
fyzas) = 2f@%?5—1+2z—12 6 =T.

fuzve) = f(wav2) = % —4 - @; n > 13;

fuzvs) = f(iU2U3) = w -3 - @; n>13

flyiz1) =6, n > 13

fin™) = @%ﬁ i=1,2,...,n—1n=13;

Flyiyithy = [GEmE2] _ (nod8) 4 (5 - 1),1 < < (352) — 6,n > 19;
Flyiyith) = |BHmE2] 5in 5 << — 1,0 > 19;

flypra) =1 flysys™) =1, 1 <i < M2 —5,n>13

fayd™ = — (252), ®2 4 <j<n—1,n>13.

We get the weights of edges as follows:
wt(ulu?) = T;wt(ujvy) = 3;wt(zvy) = 4 wt(udvy) = 5; wt(wave) = 6, (n > 7).
Forn =17
wi(uzuz) =2 WW + Lwt(uyvg) = 2 WW — 3;wt(udvs) = 2 {WW — 1
wt(zqvy) = 2 M—‘ — 2, wit(xqvz) = 2 w-‘ :
wi(ylen) = Siwt(yiyit) =2 | S5 4 G- 2), i = 1,20 -1
W@%?U—Qﬁi%ﬁw+@+mjzﬂﬂwun—h

Forn > 13 :

wiuhud) = 2 [ 2] — (34— 5)swt(ugoy) = 2 [E22] — (34 1),
wt(udvg) = 2 | SHZE] _ (3n _3),

wh(zgvy) = 2 [CHE2| — (52— 2);wi(gug) = 2 | SEE2] - (32— q);

18
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wt(yizy) =
wt(yiyiﬂ)— BHe2 ) 4 (141),1<i<n—1,n=13
wit(y iyi“): Gma2) G (n=l3) 4] 1 <i<n—1,n> 19
wt(y ) (5+n3)2+2 . (n—313 :
i, i+1 (5+n)2+2 ] n—13 .
wt(yy2 ) = [T-‘—l—(l— 3),1§Z§n—1.

WW and the edge weights are

We show that labels of vertices and edges are at most [

distinct. This proves the upper bound of tes(7’.(5,n)). Thus, tes(7,.(5,n)) = {MW

Case 2. Forn =4 mod 6,n > 10,andr = 1, 2.
Labels of vertices are described in the following:

F@a) = ks — (252);n > 10;

Flys) = | S22 2 < <n,n = 10;

fls) = (5+r;)2+2 _ (n—610) + L%J ,2<4 < 5+T" — 6, forn > 22;

fw) = fy™) = [W] L5 _5< j<n, forn > 16,
Furthermore, we provide labels of edges as follows

flujui) = 5; fujvr) = 1; f(ufve) = 3; f@ro1) = 2; f(2102) = 4 f(ugu3) = 24

fudvg) = flapvy) = | 22| g 0210y > 1,

f(udvs) = flapvs) = |22} 3 (o 10) :n > 10;

flyiz) =6

Flyiyity = B2 1 < <p—1,n = 10;

Flyiyith) = [ B2 _(m210) 4 1 << 30 6 n > 16;

flylyith) = | S22 5t 5 < <p—1,n > 16;
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fap™) =j+1,forl <j<n-—1n=10
Flyayst™ ) =1, 1<i <3 — 5 n > 16;
Fag™) = — (259) +1, 582 —4<j<n—1,n> 16
We derive
wt(uju?) = wt(u%vl = 3;wt(zyv1) = 4; wt(udvy) = 5; wt(r1v9) = 6.
54n)2+2 n 54n)242 n—
wt(ujul) = 2 | B W — (%51); wi(ugvs) = 2 [—( 2t W — (51 —4;n > 10;
wt(udvs) = 2 W — (2519) — 2;n > 10;
wt(zqvy) = 2 (5+T§)2+2 — (2519 — 3; wi(2ov3) = 2 [—(H’?QH-‘ — (=19 - L;n > 10.
wt(yja1) = 8;
wt(yiyi™) =8 +i,forl <i<n—1,n > 10;
wt(yyx2) = W*’;}Qﬂ — (2519) 4 1,0 > 10;
wt(yays™) = 2 W +(+1), forl1<i<n-—1,n=10;
wi(yhys™) =2 | FER | 4 (i -0 4 1) forl <i<n—1,n>16.

It is clear that all labels of vertices and edges are at most [%W and each edge has a dif-

ferent weight. Thus, tes(7}.(5,n)) = {w_‘

Case3.Forr =3,n=1 mod 3,andn > 7.
We provide Labels of vertices and edges as follows:

Fl}) = ) = [ S|~ 1 flog) = 2 f(00) =24 | S |0 2 T
flas) = [(5“;)3” f(ys) = [w-‘ fori=1,2,....,n;n>7,

fudu3) = 7; f(udvs) { (5+n) 3+2W (udvy) = PHTQSH — (B 2 >,
Flasus) = [SE2] - (E50) 4 2: fagv) = [ S22 i > 7

flzsyd) =6; f(yiyit) =i +6,i=1,2,...,n—1;n>T7.

We derive all edges have different weights:

wt(ujul) =2 M—‘ + 5; wt(uivs) = 2 (5+”) -‘ + 1; wt(udvy) = 2 w +3;n>T;
wt(xzv3) = 2 w_‘ + 2; wt(z3v4) = 2 w-‘ + 4 wt(yras) = 2 | CE2 ) 4 6o > 7,
wit(yiyitl) = Q[W—‘+i+6,z’:1,2,...,n—1;n27.

(5+n)3+2w

3 and the edge weights

Therefore, the largest integer for labels of vertices and edges is {

are diverse. Thus, tes (73(5,n)) = {W—‘
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]

Theorem 2.3. Let (T,.(5,n)) be a tadpole chain graph of length r which each block is a tadpole
graph T'(5,n) withn =1 mod 3 and r > 1. Then,

(6)

tes(T(5,n)) — {MW |

3

Proof. The theorem is proved by induction on n and r. Based on Lemma 2.3, Lemma 2.4, and
Lemma 2.5, tes(73(5,n)) = {ww forn = 1 mod 3. Hence, the theorem holds for r = 1.

For n = 1, according to Lemma 2.3 we have tes(7,(5,1)) = [%2] = {ww Therefore,
Statement (6) holds for n = 1.

1. Statement (6) is proved by induction on n.
Assume that the statement is true for n = £, i.e.,

(7

tes(T3(5, k)) = {ww .

3

We will verify that the statement is true for n = k£ + 3 by considering two cases.
(a) Case 1: Whenr = 1.

Based on Lemma 2.5, we have tes(77(5,k + 3)) = {ww Thus, the statement
holds forr =1and n =k + 3.

(b) Case 2: When r > 1.
The proof is analog to the proof of Case 2 in Part (1) of Theorem 2.2. By using the
same procedures, Statement (6) is true for n = k + 3.

2. Statement (6) is proved by induction on r.

Based on Lemma 2.3, Lemma 2.4, and Lemma 2.5, tes(77(5,n)) = [WW . Hence, the

theorem is true for r = 1 and n = 0 mod 3. Assume that the theorem holds for 7, i.e.

tes(7,.(5,n)) = {W-‘ We will show that tes(7,.1(5,n)) = [w-‘

Tadpole chain graph 7,.,1(5,n) consists of (r 4+ 1) blocks, i.e., By, Bo, ..., B,, B,.;1 where
each block is a tadpole graph 7'(5, n). Based on the assumption, there exists an edge irregular

total k-labeling f on r blocks By, Bs, ..., B, with k = [W-‘ . We construct procedures

to get labels of vertices and edges on block B, as follows:
(a) Labels of vertices on block B,,; are obtained by adding a number @ to label of
vertices on block B, under labeling f.
(b) Labels of edges on block B, ; are also obtained by adding a number (5;—”) to label of
edges on block B, under labeling f.

By using the above procedures, we get the edge weights on block B, as follows:
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W 1021) = wh(u?) + (5 -+ )5 wt(ud 0r1) = whube) + (5 + )

wt(u? 1 v12) = wt(u UTH) (5 +n); wt(z,410,41) = wt(x,v,) + (5 + n);

wt(r410r12) = WHEVr11) + (5 +1); wt(%«ﬂl’wﬂ) = wt(y,z,) + (54 n);
wt(yrﬂy;ﬂ) = wt(yly™) + (5+n), fori =1,2,...,n — 1.

Since the edge weights of 7,.(5,n) are distinct under labeling f, we also obtain the edge
weights on block B, are all distinct. Moreover,the largest integer of labels of vertices and

edges of T,.(5,n) is [MW As a consequence, the largest integer of labels of vertices and

edges on block B, is {%W + [(E’Jg—")w = {MW . Hence, tes(7},1(5,n)) =

3
’7(5+n)(r+1)+2

3 W Thus, the theorem is true for any r and n = 0 mod 3. The proof is com-

plete.

]

3. Conclusions

In this paper, we have found tes of some n-uniform cactus chain graphs C(C?) and tadpole
chain graphs 7,.(4,n), T,.(5,n) of length r with n = 0 mod 3. As further research, we will
determine tes of n-uniform cactus chain graphs C'(C’) forn = 1 mod 3 and n = 2 mod 3.
Also, we will investigate tvs of n-uniform cactus chain graphs and related chain graphs which are
still in progress.
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