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Abstract

Let GG be a simple, connected and undirected graph. Given r, k as any natural numbers. By an
r-dynamic k-coloring of graph G, we mean a proper k-coloring c¢(v) of G such that |¢(N(v))| >
min{r,d(v)} for each vertex v in V(G), where N (v) is the neighborhood of v. The r-dynamic
chromatic number, written as x,.(G), is the minimum £ such that G has an r-dynamic k-coloring.
We note that the 1-dynamic chromatic number of graph is equal to its chromatic number, de-
noted by x(G), and the 2-dynamic chromatic number of graph has been studied under the name
a dynamic chromatic number, denoted by x,(G). By simple observation, we can show that
Xr(G) < xr1+1(G), however x,+1(G)—x,-(G) can be arbitrarily large, for example x (Petersen) =
2, xa(Petersen) = 3, but y3(Petersen) = 10. Thus, finding an exact values of x,.(G) is not triv-
ially easy. This paper will describe some exact values of x,.(G) when G is an operation of special
graphs.

Keywords: r-dynamic coloring, r-dynamic chromatic number, graph operations
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1. Introduction

We refer all basic definition of graph to a handbook of graph theory written by Gross et. al
[1]. Let G = (V, F) be a simple, connected and undirected graph with vertex set V' and edge set
E, and d(v) be a degree of any v € V(G). The maximum degree and the minimum degree of G
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are denoted by A(G) and §(G), respectively. By a proper k-coloring of a graph GG, we mean a
map ¢ : V(G) — S, where |S| = k, such that any two adjacent vertices receive different colors.
An r-dynamic k-coloring is a proper k-coloring ¢ of G such that |¢(N(v))| > min{r,d(v)} for
each vertex v in V(G), where N (v) is the neighborhood of v and ¢(S) = {c(v) : v € S} for a
vertex subset S. The r-dynamic chromatic number, written as x,.(G), is the minimum £ such that
G has an r-dynamic k-coloring. Note that the 1-dynamic chromatic number of graph is equal to
its chromatic number, denoted by x(G), and the 2-dynamic chromatic number was introduced by
Montgomery [5] under the name a dynamic chromatic number, denoted by x4(G). He conjectured
X2(G) < x(G)+2 when G is regular, which remains open. Akbari et. al [4] proved Montgomery’s
conjecture for bipartite regular graphs. Lai, et.al [6] proved x2(G) < A(G) + 1 when A(G) > 3
and no component contains C5. Kim er. al [3] proved y2(G) < 4 when G is planar and no
component is Cy and also x4 < 5 whenever G is planar.

Obviously, x(G) < x2(G), but it was shown in [6] that the difference between the chromatic
number and the dynamic chromatic number can be arbitrarily large. However, it was conjectured
that for regular graphs the difference is at most 2. Some properties of dynamic coloring were
studied in [3, 4, 6]. It was proved in [8] that, for a connected graph G, if A(G) < 3, then xo(G) < 4
unless G = Cj, in which case x2(C5) = 5 and if A(G) > 4 then x(G) < A + 1. Considering
those results, finding an exact value of y..(G) is significantly useful as there are a little number of
results provide an exact value of x,.(G). Thus, in this paper we will show it when G is an operation
of special graphs.

Some Useful Theorem

The following Theorem are useful for determining the dynamic coloring of graphs. Jahan-
bekam et. al [7] characterize the upper bound of x,.(G) in term of the diameter of graph.

Theorem 1.1. [7] If diam(G) = 2, then x2(G) < x(G) + 2, with equality holds only when G is a
complete bipartite graph or Cs,.

Theorem 1.2. [7] If G is a k-chromatic graph with diameter at most 3, then x2(G) < 3k, and this
bound is sharp when k > 2.

In term of the maximum degree of graph, the r-dynamic of graph satisfies as follows

Observation 1. [7] x,.(G) > min{A(G),r} + 1, and this is sharp. If A(G) < r then x,(G) =
min{A(G),r}.

Theorem 1.3. [7] x,.(G) < rA(G) + 1, with equality for r > 2 if and only if G is r-regular with
diameter 2 and girth 5.

The last for the graph operations, Jahanbekam et. al proved the following theorem.

Theorem 1.4. [7] If §(G) > r then x,.(GOH) = maz{x(G), x(H)}.
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The Results

Now, we are ready to show our results on r-dynamic coloring for some special graph opera-
tions. Apart from showing the r-dynamic chromatic number we also show the colors c(v € V(G))
for clarity. Some graph operations which have been found in this paper are P, +C,,, C,05,,, C,, ®
Sy CulSm], Cr ® Spn, shack(P,0C,,, v, s),
amal(P,8C,,, v, s).

Theorem 1.5. Let G be a joint P, and C,,. For n > 2 dan m > 3, the r-dynamic chromatic
number of G is

4, for m even
X(Fr 4 Cm) = Xa(Po + Cn) = x3(Po + Cn) = { 5, for m odd

[ 5, for m = 3(mod 3)
Xa(Po+ ) = { 6, otherwise

Proof. The graph P, + C,, is a connected graph with vertex set V (P, + Cp,)={z;;1 <i <n} U
{y;;1 < j <m}and E(P, + Cp)={zivit1;1 < i <n— 1} Hyyen, ymyis 1 < j <m — 1}
U{ziy;;1 <i<n;1<j<m}. Thusp = |V(P,+C,)| =n+m,q = |E(G)| = nm+n+m—1
and A(P, + C,,,) = m + 2. By Observation 1, the lower bound of r-dynamic chromatic number
Xr(Pn + Cp) > min{A(P, + Cp,),r} +1={m+2,7} + 1.

For x(P,+Cp) = xa(Pu+Ch) = x3(P,+C,y), define the vertex colouring ¢ : V (P, +C,,) —
{1,2,...,k} forn > 2 and m > 3 as follows:

(i) = 1,1<i<n,io0dd o(y;) = 3,1 <j5<m, jodd, meven
Yl 2,1<i<n,ieven 771 4, 1< 35 <m, jeven, meven

3,1<j35<m-—1, jodd, modd
c(y;) = 4,1 <5 <m—2, jeven, modd
5, j =m, modd

Itis easy tosee thatc: V(P,+C,,) — {1,2,...,4}andc: V (P, +C},) — {1,2,...,5}, for
m even and odd respectively, are proper coloring. Thus, x (P, + C,,) = 4 and x (P, +C,,) = 5, for
m even and odd respectively. By definition, since min{|c(N(v))|, forevery v € V(P,+C,,)} =
3 < (P, + Cp) =4, itimplies x (P, + Cp) = Xa(Pn + Cn) = x3(Pn + Chp).

For x4(P, + Cy,), define the vertex colouring ¢ : V(P, + Cy,) — {1,2,...,k} forn > 2 and
m > 3 as follows:
For m = 3 (mod 3)

1, 1<:<n, to0dd
{ 2,1 <7<n, ieven

3,1<j<m, j=5(mod3)
c(y;) =< 4,1<j<m, j=4(mod3)
5 1<j<m, j=3(mod3)
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For m = 4 (mod 3)
(o= L1Si<n iodd
A=Y 2,1<i<n, ieven

1<j<m-—1, j=5(mod3)

1<j<m-—1, 7=4(mod3)
1<j<m-—1, j=3(mod3)

o Ol W

For m =5 (mod 3)
1,1<i<n,i=5(mod3)
c(z;)) =< 2,1<i<mn,i=4(modS3)
3, 1<i<mn,i=3(mod3)

oly;) = 4,1 <7 <m, jodd, meven
771 5, 1< 7 <m, jeven, meven

4, 1<j3<m-—1, jo0dd, modd
c(y;) = 5,1 <5< m—2, jeven, modd
6, j =m, modd

It is easy to see, for m = 3 (mod 3) ¢ : V(P, + C,,) — {1,2,...,5}, and otherwise ¢ :
V(P,+Cp) — {1,2,...,6} are proper coloring. Thus, for m = 3 (mod 3), x4(P,+C,,) = 5 and
X (P, + C,,) = 6 otherwise. By definition, since min{|c(N(v))|, forevery v € V(P, + Cy,)} =
4 < §(P, + C,,) =4, itis proved that x4(P, + C,,,) = 5. O

Problem 1. Let G be a joint P, and C,,. For n > 2 and m > 3, determine the r-dynamic
chromatic number of G when r > 5.

Theorem 1.6. Let G be a joint W,, and P,,. For n > 3 dan m > 2, the r-dynamic chromatic

number of G is
5, for n even

X(G) = xa(G) = x3(G) = xa(G) { 6, for n odd

Proof. The graph W,, + P,, is a connected graph with vertex set V(W,, + P,,)= {4, z;,y;;1 <
i <mnl<j<m}and E(P, + Cp)={Az;;1 <i < n} Wrxii;1 <i<n—1} UW{zz,}
UW{Ay;;1 <j<m}U{zy;l <i<n—11<j<m}U{zy;l <j<m}U{yy;l <
j<m-—1}. Thusp = |V(W, + P,)| =n+m+1,9g = |[E(G)] = nm + 2n + 2m — 1 and
AW, + P,) = m + n. By Observation 1, the lower bound of r-dynamic chromatic number
Xr(Wn + Pp) > min{A(W,, + P,),r} + 1 = {m + n,r} + 1. Define the vertex coloring
c:V(W,+ P,) —{1,2,...,k} forn > 3 and m > 2 as follows:

For n even

o) = 1, 1 <2<n, ieven oy;) = 4, 1<j5<m, jodd
7Y 2,1<i<mn, iodd Y971 5,1<j<m, jeven

25



On r-dynamic coloring of some graph operations | I H. Agustin, Dafik and A. Y. Harsya

For n odd
1,1<i<n-—1,iodd e i odd
c(r;)) =< 2,1<i<n-—1,ieven c(yj):{ 6’12j2m7§'even
4, 1=n ool

Itis easy tosee thatc: V(W,,+P,,) — {1,2,...,4}and c: V(W,,+ P,,) — {1,2,...,5}, for
n even and odd respectively, is proper coloring. Thus, x(W,,+P,,) = 5and x(W,,+P,,) = 6, form
even and odd respectively. By definition, since min{|c(N(v))|, forevery v € V(W,+ P,)} =4,
it implies x(W,, + Py,) = xa(Wy + Pp) = x3(Wy, + Py,) = xa(W,, + P,,). It completes the proof.
O

Problem 2. Let G be a joint W,, and P,,. For n > 2 and m > 3, determine the r-dynamic
chromatic number of G when r > 5.

Theorem 1.7. Let G be a composition of graph C,, on S,,,. For n > 3 dan m > 3, the r-dynamic
chromatic number of G is

4, for n even

XCulSal) = xalCulal) = xsCulsal) = { g

Proof. The graph C,,[S,,] is a connected graph with vertex set V(C,,[S,,])= {4;;1 < @ < n}
U{zijriv1; 1 <0 <n—11<j < m} Uz, 1< 5 < mp U{Aiz ;31 <@ <
nl <j<mpU{Adizi1,;;1 <i<n—-11<j<m}U{Adz,_1;;2<i<nl1<j<m}
U{A 2, ;1 <j <m} U{A,z1;;1 < j <m}. Thus |V(C,[Sn])| = nm+nand |E(C,[S,])| =
dnm + n and A(C,[Sy]) = 3m + 2. By Observation 1, the lower bound of r-dynamic chromatic
number x,.(Cy,[Sm]) = min{A(C,[Sw]),r} +1 = {3m + 2,7} + 1. Define the vertex colouring
c: V(Cy[Sn]) = {1,2,...,k} forn > 3 and m > 3 as follows:

1, 1<71<n, iodd
2,1 <1<n, ieven

() = {
(2i,) = 3, 1<i<n,i10dd; 1 <7 <mandn even
ALig) = 4, 1<i<mn,i10odd; 1 <j<mandneven
3,1<i<n-—2,70dd; 1 <j<mandnodd
c(z; ;) = 4,1<i<n-—1,70dd; 1 <j<mandnodd
5, 1=mn
It is easy to see that ¢ : V(C,[S,]) — {1,2,...,4} and ¢ : V(C,[Sn]) — {1,2,...,5}, for
n even and odd respectively, is proper coloring. Thus, x(C,[S,,]) = 4 and x(C,[S..]) = 5, for n
even and odd respectively. By definition, since min{|c(N(v))],
forevery v € V(C,[Sn])} = 3 < §(C,[Sm]) = 5, it implies x(C,[Sm]) = xa(CnlSm]) =
X3(Cr[Sm]). It completes the proof. O

Problem 3. Let G be a cartesian product of C,, and S,,. For n > 3 and m > 3, determine the
r-dynamic chromatic number of G when r > 4.
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Theorem 1.8. Let G be a crown product of W,, on P,,. Forn > 3 dan m > 2, the r-dynamic
chromatic number of G is

3, for n even

X(Wn ® Py) :Xd(WHQPm):{ 4, for n odd

Proof. The graph W,, ® P,,, is a connected graph with vertex set V (W,,® P, )= {A, z;, z; j, y;; 1 <
i<n;1<j<m}and E(W,, © P,)={Az;;1 <i<n}U{rz;r;1 <i<n-—-1} U{Ay;;1 <
J<my Uyl < <m— 11 U, Uz 51 <d <np1 < j <mb U{as s s 1
i < n;l < j < m—1}. Thus [V(W,[Py])| = nm+n+m+1and |[E(W,, © P,)|
2nm +n+2m — 1 and A(W,, ® P,,) = n+ m. By Observation 1, the lower bound of r-dynamic
chromatic number x,.(W,, ® B,,) > min{A(W,, ® P,),r} + 1 = {n + m,r} + 1. Define the
vertex coloring ¢ : V(W,, ® P,,) — {1,2,...,k} forn > 3 and m > 2 as follows: A = 4 and

[ IA

oy;) = 1, 1 <7 <m, jeven
YiI)T 3, 1<j<m, jodd

For n even
1,1<i<n,iodd; 1 <j<m, jeven
c(w;) = 2, 1<i<n,ieven; 1 <j<m, jeven
3,1<j<m,jodd; 1 <i<n
o) = 1,1 << n, ieven
Yo 2,1<i<n, iodd
For n odd

1,1<i<n,io0dd; 1 <j<m, jeven
o) = 2, 1<i<n,ieven,1 <j<m, ieven
L 3,1<j<m-—1,jeven; 1<i<n-1
4,1<7<m, jodd; i=n
1,1<:<n—1, teven
c(x;) = 2,1<i<n-—1,io0dd
3,t=n
Itiseasytoseethatc: V(W,®F,) — {1,2,...,3}andc: V(W,,®©P,) — {1,2,...,4}, for
n even and odd respectively, is proper coloring. Thus, x(W,,® P,,) = 3and x(W,,®P,,) = 4, forn

even and odd respectively. By definition, since min{|c(N(v))|, forevery v € V(W,® P,,)} = 2,
it implies x(W,, ® P,,) = xa(W,, ® P,,). It completes the proof. O

Problem 4. Let G be a crown product of W,, on P,,. For n > 3 dan m > 2, determine the
r-dynamic chromatic number of G when r > 3.

Theorem 1.9. Let G be a crown product of C,, on S,,. For n > 3 dan m > 3, the r-dynamic
chromatic number of G is

3, for n even

X(On O] Sm) = Xd(cn © Sm) - { 4. for n odd
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Proof. The graph C,, ® S, is a connected graph with vertex set V(C,, ©® S,,)= {A} U{z;;1 <
J<m} Wyl <i<n}WHy;:1<i<nl<j<m}and E(C,® Sy)={Az;;1 <j<m}
U{Ay;1 < i < n} Wayyl <0 <nl < < m) Uy 1 <@ <n— 17 Uy}
m+1and |E(C,,®Sy)| = 2nm+m+2nand A(C,,®S,,) = m+n. By Observation 1, the lower
bound of r-dynamic chromatic number x,.(C,,®S,,) > min{A(C,,®S,,),r}+1 = {m+n,r}+1.
Define the vertex colouring ¢ : V(C,, ® S,) — {1,2,...,k} forn > 3 and m > 3 as follows:
A=1,¢(x;) =2,1<j<mand

For n even

o) = 2, 1<i<n,iodd o) = 1,1<i<n,io0dd, 1 <j53<m
Yi) = 3,1<i<n, ieven ’ Yij) = 3,1<i<mn,ieven,1<j<m

For n odd
2,1<i<n-—2 70dd 1,1<i<n,iodd,1<j53<m
c(y;) = 3,1<i<n-—1,ieven ; c(y;;) = 3,1<i<n,ieven,1<j<m
4, 9=mn 4, 1=n

It is easy to see that ¢ : V/(C,, ©® S,,) — {1,2,...,3}and c: V(C, ® S,,) — {1,2,...,4}, for
n even and odd respectively, is proper coloring. Thus, x(C,, ® S,,) = 3 and x(C,, ® S,,) = 4, for
n even and odd respectively. By definition, since min{|c(N(v))|, forevery v € V(C,, ® S,,)} =
2 <§(C, ® Sp) = 3, itimplies x(C,, ® Sy) = xa(Cry ©® Sy). It completes the proof. O

Problem 5. Let G be a crown product of C,, on S,,. For n > 3 dan m > 3, determine the
r-dynamic chromatic number of G when r > 3.

Theorem 1.10. Let G be a shackle of cartesian product P, and C,,. For n > 2 and m > 3, the
r-dynamic chromatic number of G is

3, for n even
X(shack(P,0C,,, v, s)) = xa(shack(P,0C,,,v,s)) = { 4 for nodd
Proof. The shackle of cartesian product P, and C,,, denoted by shack(P,0C,,,v, s), is a con-
nected graph with vertex set V= {z} ;1 <i <mn; 1 <j<m; 1<k <spUfaf ;1 <)<

m; 1Skgs}u{xfl’j;l§j§m}danE:{mijx§j+1;1§i§n; 1<j<m-1;1<k<s}

Ufaf ol < i <m; 1 <k < spUfafaf, 51 <i<n1<j<ml<k<sh
Thus |V (shack(P,0C,,,v,s))| = nms — s+ 1 and | E(shack(P,0C,,,v, s))| = 2nms — ns and
A(shack(P,0C,,,v,s)) = 6. By Observation 1, the lower bound of r-dynamic chromatic number
Xr(shack(P,0C,,,v,s)) > min{A(shack(P,0C,,,v,s)),r}+1 = {6,r}+ 1. Define the vertex
colouring ¢ : V(shack(P,0C,,,v,s)) — {1,2,...,k} forn > 3 and m > 3 as follows:

For m even
by 1,1<j<m-—1, jodd, koddand i odd
]l 2,1<j5<m, jeven, koddand i odd

c(a:k ) = 1, 1 <j<m, jeven, kodd and i even
] 2,1<5<m~—1, jodd, koddand i even
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o@t ) = ,1<53<m—1, jodd, koddand i =n
W 2,1<j<m-—1, jeven, koddandi=mn
o) = 1,1<j35<m—1, jeven, keven and 7 odd
77 2,1<j<m, jodd, keven and i odd
ot ) = 1,1<j35<m—1, jodd, keven and ¢ even
771 2,1 <7 <m, jeven, keven and i even
o) = ,1<j3<m—1, jeven, kevenandi =n
W 2,1<j<m—1, jodd, kevenandi=n
For m odd
1, 1<j5<m—2, jeven, keven and ¢ odd
C(fﬁj): 2,1<j37<m-—1, jodd, keven and ¢ odd
3, ] =m
1, 1<j3<m—2, jodd, kodd and i even
C(gﬁj): 2, 1<j<m-—1, jeven, kodd and ¢ even
3, ) =m
1,1<j3<m—2, jeven, koddandi=n
C<xf7j>: 2,1<j<m-—1, jodd, koddandi=n

3,7=m

It is easy to see that ¢ : V (shack(P,0C,,,v,s)) — {1,2} and ¢ : V(C,, © S,) — {1,2,3},
for m even and odd respectively, are proper coloring. Thus, x(shack(P,0C,,,v,s)) = 2 and
X(shack(P,0C,,,v,s)) = 3, for m even and odd respectively. By definition, since min{|c(N(v))|, forevery v €
V (shack(P,0C,,,v,s)}
=1 < d(shack(P,0C,,,v,s)) = 3, thus we only have x(shack(P,0C,,)) = 2 and x(shack(P,0C,,,v,s)) =
3, for m even and odd respectively. It completes the proof. [

Problem 6. Let GG be a shackle of cartesian product P, and C.,,. For n > 2 and m > 3, determine
the r-dynamic chromatic number of G when r > 2.

Theorem 1.11. Let G be a shackle of joint S,, and P,,. For n > 3 and m > 2, the r-dynamic
chromatic number of G is

X(shack(S, + P, v,8)) = xa(shack(S, + Pn,v,s)) = x3(shack(S, + Py, v,s)) =4

Proof. The shackle of joint S,, and P,,, denoted by shack(S,, + P, v, s), is a connected graph
with vertex set V= {4y, z},2f, yF, p;1 <i <m;1 < j <m;1 <k < s}and B= {Apf;1 <
i<n-—11<k<s} U{Akmf“;l < k < s} U{Asp} U{y;-“yfﬂ;l <j<m-1;1<k<s}
U{AFyf 1 <j<m;l <k <spU{afyh1<i<n—-1;1<j<m;1 <k <spu{ziTlyh1<
J<ml <k <s—1}U{py;;1 < j < m}. Thus |V(shack(S, + Pn,v,s))| = nr +mr + 1
and |E(shack(S,, + Ppn,v,s))| = 2nms + ns + 2ms — s and A(shack(S,, + Pn,v,s)) = 6.
By Observation 1, the lower bound of r-dynamic chromatic number ., (shack(S, + P, v,s)) >
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min{A(shack(S, + Pn,v,s)),r} +1 = {6,r} + 1. Define the vertex coloring ¢ : V (shack(S,, +
Pn,v,8)) — {1,2,...,k} forn > 3 and m > 2 as follows: c(A*) = 4

czf)={3,1<i<n—-1;1<k<s

C(yk):{ 1,1<j<m,jodd; 1<k<s
! 2,1<j3<m,jeven; 1 <k<s

It is easy to see that ¢ : V(shack(S, + Pn,v,s)) — {1,2,...,4} is proper coloring. Thus,
X (shack(S, + Pn, v, s))
= 4. By definition, since min{|c(N(v))|, forevery v € V(shack(S, + Pn,v,s)} = 3, it implies
X(shack(S, + Pn)) = xa(shack(S, + P,,)) = x3(shack(S, + P,,)). It completes the proof. [

Problem 7. Let G be a shackle of joint S,, and P,,,. Forn > 3 and m > 2, determine the r-dynamic
chromatic number of G when r > 4.

Conclusions

We have studied the r-dynamic coloring of some graph operations. The results show for each
graph operation, its r-dynamic chromatic number has not been obtained completely for all values
of r, therefore we left them as open problems for the further study.
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